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NOTATION 


A 

constant defined by equation (14) and used in equations (12) and (13) 


B 

constant defined by equation (15) and used in equations (12) and (13) 


C f 

T W 

local skin-friction coefficient, 

1/2 p e Ue 


C F 

f 1 x 

average skin-friction coefficient, J Cfd~ 

o L 


F 

F\v 

temperature ratio,-— 
Te 


F c 

Cf Cp 

transformation function for skin-friction coefficient, —L or_2- 

c f c F 


F x 

Re x 

transformation function for length Reynolds number,—— 

Re x 


F e 

Ren 

transformation function for momentum-thickness Reynolds number,—^- 

Re g 

| 

h 

static enthalpy 


H 

total enthalpy 


L 

length of turbulent boundary-layer flow 


m 

Mach number factor used in equations (8), (14), and (15), 0.2 Me 2 


M 

Mach number 


r 

temperature recovery factor for a turbulent boundary layer, r = 0.88 


Re X 

p q U qL 

Reynolds number based on length of turbulent boundary layer flow, 

Pe 


Re d 

p gU qO 

Reynolds number based on momentum thickness, 

Me 


T 

absolute temperature 

iii 



u 

x 

y 

a 

P 

5 
V 
P 

T 

6 

n 

aw 

e 

w 


velocity 

longitudinal distance 

distance measured normal to surface 

constant defined by equation (12) and used in equation (8) 
constant defined by equation (13) and used in equation (8) 
boundary-layer thickness 

viscosity of air as given by Keyes’ formula, reference 6 
mass density 
local shear stress 


boundary-layer momentum thickness , J 


f 5 e PU 

1 ( U ) 

o Pe u e 

Wei 


dy 


incompressible or variable transformed to equivalent constant property case 


Subscripts 

adiabatic wall 
boundary-layer edge 
wall 
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CHARTS FOR PREDICTING TURBULENT SKIN FRICTION 


FROM THE VAN DRIEST METHOD (II) 
Edward J. Hopkins 
Ames Research Center 


SUMMARY 


Charts are presented for rapidly estimating local or average turbulent skin friction on flat plates 
from Reynolds numbers based on either length or momentum thickness. These charts facilitate, 
therefore, the conversion from one Reynolds number to the other. Ranges of variables covered 
are: Mach number, 0 to 10; length Reynolds number, 10 s to 10 9 ; and wall-to-adiabatic-wall 
temperature ratio, 0.2 to 1.0. 


INTRODUCTION 


An evaluation in reference 1 of the methods for predicting turbulent skin friction on flat 
surfaces, with and without heat transfer throughout a Mach number range from 1.5 to 9, indicated 
that the Van Driest method (II) 1 (ref. 2) gave the most satisfactory agreement with the experi- 
mental results. Other methods examined in reference 1 were those of Sommer and Short (ref. 3), 
Spalding and Chi (ref. 4), and Coles (ref. 5). This evaluation was based, wherever possible, on 
direct measurements of skin friction by balances and the use of the momentum-thickness Reynolds 
number. 

Van Driest presented his method in the form of a nomogram for estimating local and average 
skin friction from the length Reynolds number only. Skin friction was not presented by Van Driest 
as a function of momentum-thickness Reynolds number, a form of presentation that has become 
widely used in recent years for the analysis of skin-friction data. The present charts, therefore, 
present skin friction as a function of both the length Reynolds number and the momentum- 
thickness Reynolds number to facilitate conversion from one Reynolds number to the other. 
Effects are indicated for employing the more accurate viscosity formula of Keyes (ref. 6), instead 
of a power viscosity formula, and a temperature recovery factor of 0.88, instead of 1.0 assumed 
by Van Driest. 


VAN DRIEST METHOD (II) 


The Van Driest method (II) can be thought of as a transformation method, for which it is 
necessary to choose an incompressible formula relating the skin-friction coefficient to the 

^The (II) refers to the second theory of Van Driest in which the von Karman mixing length is assumed. 



Reynolds number. In reference 7, it is shown that the Schoenherr formula (ref. 8) for average 
skin friction gives a good representation of incompressible data over a length Reynolds number 
range from about 3 X 10 s to 4.5 X 10 8 . Outside this range of Reynolds numbers, insufficient data 
exist to corroborate the Schoenherr formula. This formula, also known as the Karman -Schoenherr 
formula, is 


0.242 


log,0 ( R- e xCp ) 


(D 2 


By differentiating equation 1 with respect to length, Schoenherr found the relation between 
the local and average skin friction to be 


- 0.242 C F 

L f~ 0.242 + 0.8686y/Cp 


Also, from the simplified boundary-layer continuity and momentum equations, the average skin- 
friction coefficient on surfaces without longitudinal pressure gradients is 



2 Re g 
Re x 


(3) 


Skin friction for compressible boundary-layer flow was calculated from equations (1), (2), and (3), 
as well as the Van Driest (II) transformation functions given in reference 1, as defined by the 
following equations: 


C f =F c C f (4) 

Cp = F c Cp (5) 

Re e =F d Re g (6) 

Re x - F x Re x (7) 


where 


F c = rm/( sin' 1 a + sin' 1 (3) 2 (for M e A 0) 

F c = [(1 + JTjTe)l2 ] 2 (for M e -+ 0) 


Fa = 


Me 

Mw 


+ ~X 10 ~ 5 / T w\ 
J e I 1 w 


T w ^ + 122 x 10 -5/7V / ’ 
r e 


T, °K 


( 8 ) 

(9) 

( 10 ) 


^In reference 9 (pp. 127 and 128), it is shown how the form of equation (1) was derived by von Karman from the law- 
of-the-wall and velocity defect formulas; however, the constant of integration, which appears in both the original von Karman 
and Schoenherr formulas, was found to be zero by Schoenherr and is not included. 
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( 11 ) 


2 A 2 -B 
(4 A 2 + B 2 ) 1/2 

(12) 

B 

(4 A 2 +B 2 ) 1 ' 2 

(13) 

(ff 

(14) 

1 + rm - F 
F 

(15) 

T w 

T e 

(16) 

0.2 M e 2 

(17) 


Equation (10) is from the Keyes formula for viscosity (ref. 6), which should give more accurate 
values than the Sutherland formula at low temperatures, T e = 55.6° K (100° R). At temperatures 
above about 111° K (200° R), these two formulas give values of viscosity that agree within 
3 percent. Equations (14) and (15) contain a temperature recovery factor (r), which was assumed 
to be 1.0 for the nomogram of reference 2. Analysis of skin-friction data in reference 1 indicates 
that assuming r = 0.88 results in improved predictions of such data. 

Also, the adiabatic wall temperature used in the wall-to-adiabatic-wall temperature ratios 
given on each figure corresponds to the adiabatic-wall enthalpy given by 

rU 2 

Haw = h e + ~f- (18) 


PRESENTATION OF RESULTS 


Local and average skin-friction coefficients are presented both as a function of the length 
Reynolds numbers (Re x ) and the momentum-thickness Reynolds number (Reg) for two different 
temperatures: T e = 55.6° K (100° R) in figures 1 and 2; T e = 222° K (400° R) in figures 3 and 4. 
Figure 5 can be used to estimate the effect on skin friction of temperatures other than 222° K 
(400° R). Although correction factors in figure 5 were calculated for M e = 5, it was found that 
they also apply to 0 < Me < 10 within 1 percent. Figure 5 is used by multiplying the Cy (or Cp s) 
from figures 3 and 4, respectively, times the factor from figure 5 for a particular T e . For con- 
venience, Re x is presented as a function of Re^ for T e = 55.6° K (100° R) and 10 6 < Re x < 1 0 9 , 
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in figure 6. For other temperatures considered herein, the Reynolds number conversion obtained 
from figure 6 is within 5 percent of the correct value. For Re x < 10 6 , or for more accurate 
conversions, figures 1 through 4 should be used. 

The figures in which the results appear are summarized in table 1 . 


TABLE 1.- DATA SUMMARY 


Figure 

T e 

Quantities plotted 

1 

55.6° K (100° R) 

Cj versus Reg and Re x 

2 

55.6° K (100° R) 

Cp versus Re g and Re x 

3 

222° K (400° R) 

Cy versus Reg and .Re* 

4 

222° K (400° R) 

versus and Re x 

5 

27.8° K— 222° K (50° R-400°R) 

C f 

n and 

C f,T e = 222° K(400° R) 

C F 

C F,T e = 222° K(400° R) 
versus T e 

6 

55.6° K (100° R) 

Re x versus Reg 


VISCOSITY AND TEMPERATURE RECOVERY-FACTOR EFFECTS 


Effects related to the choice of temperature recovery factor and viscosity formula are 
indicated for the extreme flow conditions of the charts in table 2. 

In general, the calculated effects on skin friction resulting from changes in the recovery 
factor or viscosity formula were less than 6 percent; however, for some isolated conditions, 
for example, = 10 and T w /T a w = 0.2, the effects were greater than 6 percent. 
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TABLE 2.— EFFECTS OF CHANGES IN VISCOSITY AND TEMPERATURE 
RECOVERY-FACTOR ON Cy 


Me 

T w 

T e , 

°K (° R) 

r = 0.88; Keyes p 

Cf r = 0.88; Keyes ,u 

Cf r = 1.0; Keyes p 

C f,r= 1.0; m ~ r - 76 

Taw 

Re x = 10 s 

o 

ii 

£ 

=4 

in 

o 

II 

£ 

Re x = 10 9 

5 

0.2 

55.6 (100) 

1.039 

1.046 

1.044 

1.049 

5 

1.0 

55.6 (100) 

1.020 

1.019 

1.089 

1.054 

5 

.2 

222 (400) 

1.040 

1.046 

1.040 

1.046 

5 

1.0 

222 (400) 

1.021 

1.027 

0.994 

1.013 

10 

0.2 

55.6 (100) 

1.051 

1.066 

1.117 

1.100 

30 

1.0 

55.6 (100) 

1.026 

1.032 

1.078 

1.057 

10 

.2 

222 (400) 

1.053 

1.067 

1.044 

1.061 

10 

1.0 

222 (400) 

1.028 

1.033 

0.934 

0.984 


Ames Research Center 

National Aeronautics and Space Administration 
Moffett Field, California 94035, July 20, 1972 
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(c) Cf vs Reg (T w /T aw =0.4) 


Figure 1.- Continued. 


9 


O H CVJ 00-4- LTAVO i^CO ON 



SifiSSili 


sttuiutmts; 

iSnSKSSiKSSI 


iiSEsiEO :H s ii 


KiiiniSl B! 

jj»m!!!i!S!i g|] 






MMm 


iHBSSPSl-j'iriSE 


ISSP® 


2X10 


Continued 
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(e) Cf vs Reg (T w /T aw - 0.6) 


Figure 1.- Continued. 
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Re x 

(f) C-p vs Re x (T w /Ta,w = 0.6) 


Figure 1.- Continued, 
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Figure 1.- Continued. 
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Re x 

(h) Gf vs Re x (Tw/Ta ,w = 1*0) 


Figure 1.- Concluded. 
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SSI 


(a) Cp vs Reg (T w /T aw -0*2) 

Figure 2.- Average skin friction predicted by the Van Driest method (il) 

T e = 55. 6°K (100°R). 
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Figure 2 .~ Continued. 
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(f) C F vs Re x (T w /T aw = 0.6) 
Figure 2.- Continued. 
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(h) Cj. vs Re x (T w /T aw = 1.0) 


Figure 2.- Concluded. 
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Figure 3» _ Continued. 
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Re 0 

(c) C f vs Reg (T w /T aw =0.4) 


Figure 3 .- Continued. 
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(d) C f vs Re x ( T w /T aw = 0.4) 
Figure 3 • - Continued . 
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(f) C f vs Re x (T w /T aw =0.6) 


Figure 3 .- Continued. 
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(g) C f vs Re e (T w /T aw = 1.0) 


Figure 3*~ Continued. 
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(h) C f vs Re x (T w /T av = l.o) 


Figure 3-- Concluded. 
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Figure k. 


Average skin friction predicted by the Van Driest method (il); 
T e = 222 °K (400°R). 


31 



10 


c F 


10 " 

8x10" 

5x10“ 


C F 10 


2X10" 



Me 

0 

1 

2 

3 

k 

5 

6 

7 

8 

9 

10 


10 - 


10 e 

Re, 


10 ' 



0 

1 

2 

3 

h 

5 

6 

7 

8 

9 

10 


Re 


x 


(b) C F vs Re x (T w /T aw = 0.2) 
Figure k.- Continued. 
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(c) C F vs Re 0 (T w /T aw = 0.4) 
Figure 4.- Continued. 
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(e) C F vs Re 0 (T w /T aw =0.6) 
Figure 4.- Continued. 
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(f) C F vs Re x (T w /'I aw = 0.6) 

Figure 4.- Continued. 
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(g) C F vs Reg (T w /T aw = 1.0) 
Figure 4 .- Continued. 
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R e x 

(h) C F vs Re x (T w /T aw = 1.0) 


Figure b.- Concluded. 
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Figure 5-- Skin-friction correction factors, M 
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and Reg predicted by the Van Driest 
= 55 . 6 °K ( 100 °R). 
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Figure 6. - Continued. 
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Figure 6. - Concluded. 
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